For very stable boundary layers there is no well-accepted theory today. In this study, an improved Prandtl model with varying diffusivity is applied to less than ideal conditions for pure katabatic flow pertaining to very stable boundary layers. We find that the improved Prandtl model adequately describes the usual and persistent katabatic glacier wind on Breidamerkurjökull. This is true even for flows with very different heights and strengths of the jet. A theoretical estimate of the katabatic jet height, based on temperature deficit and lapse rate, is verified. The calculated surface fluxes compare well with the measured turbulence parameters. A possible reason for the robustness of the katabatic jet (and other low-level jets) is given in terms of the Scorer parameter.
INTRODUCTION
The present interest in climate change and its consequences such as sea-level rise and glacier melting has highlighted our need for a better understanding of the stable boundary layer (SBL). Although SBLs are common, perhaps most so as the nocturnal boundary layer, they are still poorly understood and not well described in numerical weather and climate models. Mahrt (1998) identified two forms of SBL. The classic, weakly stable boundary layer, similar to the nocturnal SBL, is the focus of most SBL studies. Within the weak SBL, Monin-Obukhov (MO) theory is usually applicable. MO theory is used in most numerical models for their boundary-layer treatment. However, in the case of very stable boundary layers (VSBL), the MO theory often underestimates the surface fluxes. Mahrt concludes that more data are needed on the VSBL to understand them better and to model them accurately. From analysis of a dataset covering almost five orders of magnitude in the stability parameter (z/L, where L is the MO length), Pahlow et al. (2001) found that the MO 'concept does not hold in general'.
A second possible reason for the failure of the MO theory is the surface slope. MO theory assumes that buoyancy acts only in the vertical (Munro and Davies 1978) . The sloping surface means that buoyancy will enter the horizontal momentum equation. This buoyancy, acting on the horizontal momentum, is also the driving force behind the katabatic flow. An additional aspect of the katabatic flow is the presence of a lowlevel jet. This jet is typically positioned at a height, z j , below about 10 m, often placing it well below the MO length, leaving MO theory invalid because there is a shorter important length-scale present (z j < L). This low-level jet in the katabatic flow means that, although friction acts at the surface, the production of turbulence is not dominated by the surface but is strongly influenced by the jet (e.g. van der Avoird and Duynkerke 1999) .
Over sloping surfaces, katabatic flow is a ubiquitous feature of VSBLs (e.g. Stull 1988; Egger 1990) . Field experiments have shown that in the VSBL over land ice, katabatic flows are usual and persistent (e.g. Oerlemans et al. 1999) . Glacier melting is most sensitive to changes in the long-wave radiation and the turbulent heat flux (e.g. Oerlemans 2001) . The properties of the katabatic VSBL are important for the understanding of glacier response to climatic changes. In view of the referenced inapplicability of the MO theory for the shallow katabatic boundary layer, we need to look elsewhere for a solution.
The simplest description of a katabatic flow is given by the Prandtl model for gravity-driven flow down a cooled inclined surface (Prandtl 1942; Defant 1949; Mahrt 1982) . The simplicity of the Prandtl model and the fact that it is analytical makes it attractive for understanding the pure katabatic flow. However, the model has some significant drawbacks. Perhaps the most serious problem with the Prandtl model (when considering surface fluxes) is its inability to describe correctly the sharp near-surface gradients in temperature and wind that are often observed (Defant 1949; Munro 1989; Fig. 3.5 of Egger 1990; Oerlemans 1998) . Conversely, above the jet the simulated gradient is often too sharp compared with observations (Oerlemans 1998; Denby 1999) . These weaknesses of the model are due to the use of a constant value for the eddy diffusivity that is necessary for the model to be analytically solvable. A more complex form of analysis is Large Eddy Simulation (LES). Although LES techniques have evolved significantly over recent years, we are not aware of any successful LES of steady shallow katabatic flow. The work by Skyllingstad (2003) is an important step, but it deals only with evolving katabatic flow.
Recently, Grisogono and Oerlemans (2001a,b, hereafter GOa,b) showed that the Prandtl model can be improved if a varying assigned eddy diffusivity profile, K(z), is used instead of a constant value. They use the WKB † method (e.g. Bender and Orszag, 1999) to allow K(z) to vary with height.
In this study we use data from the glacio-meteorological field experiment on Vatnajökull, Iceland, during the summer of 1996, to verify the ability of the modified Prandtl model to simulate the near-surface gradients of the katabatic flow. This was undertaken in less than ideal conditions and in an environment very different from that of GOa, although still addressing the flow over land ice. In doing this, we also confirm the applicability of the eddy diffusivity profile suggested in GOa, and verify the theoretical estimate of the height of the katabatic jet. We also compare the calculated and measured surface fluxes.
Besides the persistence of the pure katabatic flow, we also note a dynamically induced decoupling of the katabatic jet from the higher layers. This hints at a theoretical explanation of the robustness of low-level jet flows in diverse environments (e.g. Burk et al. 1999) .
THE KATABATIC FLOW MODEL
The classic Prandtl model describes the katabatic flow down a cold inclined surface (or anabatic flow up a warm inclined surface). It equates the divergence of the turbulent fluxes of momentum and heat to the advected background temperature lapse rate and the buoyancy acceleration (Prandtl 1942; Mahrt 1982; Egger 1990; Grisogono and Oerlemans 2002, hereafter GOc) :
(2) † After Wentzel, Kramers and Brillouin, who popularized the method in theoretical physics. Sometimes also referred to as WKBJ, including Jeffreys who, together with Rayleigh, contributed to its early development. The original approximation was really made independently by Liouville and Green in 1837.
In (1) and (2), θ is the potential temperature perturbation (i.e. actual potential temperature minus background potential temperature), θ 0 is a reference temperature (typically the melting point of ice), γ is the background potential temperature lapse rate, α is the slope of the surface and w θ and w u are turbulent heat and momentum fluxes parametrized with the K-theory according to:
where K is the eddy difusivity for heat and Pr is the turbulent Prandtl number. Under steady-state conditions (the time-dependent case is addressed in Grisogono (2003) ) and assuming that K and Pr are constants, the single governing equation resulting from (1)- (3) becomes (Prandtl 1942) :
where N = gγ θ 0 .
If K = K(z) the equation becomes somewhat more complicated:
where the 0th order terms first appear in (4). Hence (5) indicates the perturbation analysis used and the order of balance of the terms in the model (GOa,c). Following GOa,c, an approximate solution to (5) can be found using the WKB method for given α, γ and K(z). The validity of the WKB method depends on how slowly K varies with z; a justification for the use of the WKB method for katabatic flows can be found in GOc. The requirement for the K profile to be smooth restricts calculations to a K profile that has no sharp gradients. In this work, the linear-Gaussian K-profile of GOa is used:
GOb,c show that the maximum value, K max , of K(z) can be obtained from WKB theory through the expression
with
where N α = N sin(α), H K is the height of the maximum diffusivity and z i is the inversion height. However, the diffusivity can also be related to the height and strength of the katabatic jet, since the latter is a very important, perhaps determining, factor for the local turbulence (e.g. van der Avoird and Duynkerke 1999) . Following this line of reasoning and using K max = const · H SBL · max(u) as in Oerlemans (1998) and GOc, z j can be found as
where C is the potential temperature deficit at the surface, H SBL is the SBL height and B is a coefficient. If the relation (8) can be validated, this would tie in the background parameters determining z j such that the model input would consist of α, γ , C and Pr, together determining the katabatic flow. Otherwise the model input remains α, γ and
, we relate K(z) to z j and the background parameters in (8). In an effort to verify (8) to observations, we will give a first estimate of the coefficient B in section 4. For sufficiently smooth variability in the K profile, the first and fourth (0th order) terms on the left-hand side of (5) dominate. The solution is split into two parts, one inner (between the surface and H K ) and one outer (above H K ). The two solutions are then patched at the point of intersection. The higher order corrections, that are difficult to compute and do not necessarily improve the overall result, are neglected. For a given input of α, γ , C, Pr, the profiles of u and θ can now be computed:
where
OBSERVATIONS
The data used in this study were obtained during the 1996 field campaign on Vatnajökull, Iceland. The campaign is described in detail in Oerlemans et al. (1999) . During the campaign several weather stations were located both on and off the ice. Stations were concentrated on Breidamerkurjökull, a large outlet glacier flowing down to the Atlantic, close to 64 • 05 N, 16 • 19 W (Fig. 1) . Helium balloons were used to obtain profiles through the lowest 500 m of the atmosphere.
The near-surface data presented here are hourly averages from the ∼9 m wind mast at station A4 (see Oerlemans et al. 1999) at the lower part of Breidamerkurjökull (see Fig. 1 ). Wind and temperature were measured at five levels, different for the two variables. Connecting these data to the balloon soundings, which are unreliable near the ground, gives a good picture of the vertical profile of wind and temperature. Also, a sonic anemometer was used to measure turbulence statistics (e.g. van der Avoird and Duynkerke 1999) at a height of ∼3 m. Balloons were launched from two positions (stations U2 and U3, see Oerlemans et al. 1999) , some 1300 and 500 m respectively downstream of the profile mast. Until 11 June, the launch site was located off the ice at the end of Breidamerkurjökull, and thereafter at site U3 on the ice.
The height of the balloon observations was not measured directly but was calculated from the pressure and temperature data assuming hydrostatic balance. Because the balloon data were noisy, a digital filter was used. Since the filter required a constant sample rate, the data were linearly interpolated onto a 2 m vertical grid, this being the smallest vertical increment in the data. This was done to retain as much data as possible while feeding as few non-measured points as possible to the filter. The filter was the commercial Matlab program using its first-order Butterworth filter with a 20 m cutoff (see Emery and Thomson 1997) . This cutoff is twice the largest vertical increment in the data (cf. the Nyqvist frequency) to avoid aliasing. The raw wind speed and temperature data and the filtered profiles for one example sounding are shown in Fig. 2 .
RESULTS
(a) Data To show how common katabatic flows are over Breidamerkurjökull, Fig. 3(a) displays the observed wind speed and direction for May-August from the uppermost anemometer/vane (≈9 m) on the wind mast at station A4. Figure 3(b) shows an enlargement, focusing on the majority of the winds; it contains ∼75% of all the data points, showing that the flow was highly unidirectional. Considering the surrounding environment-a melting glacier-and the fact that the persistent wind direction was down-slope, we assume this flow to be katabatic (Oerlemans et al. 1999) . Further, simple but conservative criteria for pure katabatic flow were used, requiring a local wind maximum somewhere below the uppermost anemometer (≈9 m) and temperature at the mast strictly increasing with height. The number of cases thus identified as purely katabatic did not depend on the wind direction. 45% of data from station A4 conform to these criteria. In reality, there were probably more katabatic flow occurrences (e.g. Mahrt 1982; Egger 1990) , since the criteria reject all flows with a wind maximum above ≈6 m (the height of the second highest anemometer). Figure 4 shows a time-height plot of the wind speed from the balloon soundings (raw unfiltered data). The soundings are not equally spaced in time, although they are in consecutive order. The abscissae shows the ordinal number of the sounding, the ordinate shows the height and the grey-scale shows the average wind speed in 5 m bands in the vertical. It is readily seen that a low-level jet was present in the vast majority of the soundings. This is a further independent evidence of persistent katabatic flows. A second set of criteria for pure katabatic flow, similar to that used for the wind mast data, was applied to the balloon data: a wind maximum within the lowest 15 m, a strictly Figure 4 . Wind speeds in a sample of soundings from the 1996 field campaign, with speeds according to the grey-scale. White (the strongest wind speed) also indicates lack of data, but this is of no consequence near the ground due to the limited wind speeds there.
increasing temperature over the same distance and a down-slope wind direction. 40% of the available balloon soundings conform to these conditions and so can be considered as purely katabatic. As with the wind mast data, there were probably more katabatic flow regimes than those identified by using these crude and pragmatic criteria. Because the ice on the glacier was melting irregularly during the observations, the surface roughness also changed. According to Smeets et al. (1999) , the size of the roughness elements at station A4 was in the range of 0.25 m to slightly above 1 m. For this reason, we further excluded from these data all cases with a jet maximum below 2 m. It is not likely that a jet elevated above the ground less than twice the roughness length would act as a well-defined steady katabatic flow.
The mast and sounding data do not always agree; one may show katabatic flow according to the above criteria while the other does not. Although this may sound critical of the criteria it is actually easily explained. The mast data are one-hour averages of the variables while the balloon soundings are instantaneous values. Also, there is a horizontal separation between the mast and balloon sounding locations.
Out of a total of 158 soundings, 40 (i.e. 25%) show katabatic flow from both observation systems according to the above criteria. In addition, some flows deemed katabatic from the soundings are not deemed katabatic from the mast data, i.e. flows with localized maxima above the top of the observing mast. For comparison, a number of such soundings were added to the following analysis. Figure 5 shows a selection of soundings with the corresponding mast observations. The sample is randomly chosen (using the 'rand' function in the Perl scripting language) from those soundings that were deemed katabatic. In addition, 10 soundings are added where the katabatic jet derived from balloon soundings was located above the second Table 1. highest anemometer on the observation mast. This yields a total of 50 soundings, or 32% of all soundings. Table 1 summarizes the characteristics for the soundings in Fig. 5 . Variables z j , u j , γ and z i are taken from the balloon soundings. Also shown in Table 1 are the values of K max and H K calculated from (8) and (9), using α = 4 • and Pr = 1. As usual for many VSBL, the inversion height is difficult to determine (e.g. Grisogono et al. 1998; Mahrt 1998; GOc) and is therefore accompanied by '?' in Table 1 to mark this uncertainty. Here, the inversion height is arbitrarily defined as the height where ∂θ /∂z = 0.01 K m −1 . The temperature deficit, C, is calculated as the difference between the background lapse rate intersection with the surface, and the surface temperature. (It is assumed that the glacier surface has a temperature of 0 • C, since the glacier is melting all through the summer).
Regarding Table 1 , it may be noted that the MO length, L, calculated from the profiles below 4 m height is 12 ± 8 m, i.e. two to three times larger than z j (not counting the uncertainty). This is a sign that L is indeed not the relevant length-scale for the katabatic flow.
Several observations presented in Fig. 5 show a mismatch between the top of the mast and the bottom of the balloon sounding. Part of this mismatch is due to calculation of the balloon height assuming that the air is in hydrostatic balance. In reality, the noise in the start of the sounding means that the absolute height of the balloon can be questioned. The soundings also show differences in the magnitudes of the measured variables. These differences are most probably due to the horizontal separation of the Table 2 . The correspondence between model results and observations is shown on scatter plots in Fig. 6 . Both the height (only the soundings in Tables 1 and 2 ) and strength of the jet maximum (all 50 data points) are shown. The jet heights, z j , are shown for three different values of Pr. It is clear that in this flow the relevant Pr is unity or just above, similar to that reported by Mahrt (1998) for the Microfronts experiment. It is also clear from Fig. 6 that an increase in Pr results in a reduced slope for the regression of calculated versus observed z j . Considering that z j is perhaps the most important factor in determining the near-surface turbulence (e.g. van der Avoird and Duynkerke 1999; GOc), the agreement in Fig. 6 is satisfactory. In view of this correspondence, the rest of this study will use Pr = 1. The agreement for u j is weaker, showing a large scatter, with a distinctive tendency for the model to overestimate the wind speed. Presuming that the model is not in error, the scatter of u j in Fig. 6 is assumed to depend on the uncertainty in determining C, given the high sensitivity of the wind speed to C.
(c) Determining the jet height Equation (8), suggested in e.g. GOc and Oerlemans and Grisogono (2002) , is a theoretical estimate of z j . Although not new, the relation has not been tested versus observations and no effort has been made to quantify the coefficient B. In this section, we make an estimation of B and compare the result to the observations. Using the observed value of z j from the 50 soundings in (8), the mean value of the coefficient B is found to be (9.7 ± 5.7) × 10 −4 . Figure 7 shows a scatter plot of the observed values of z j versus those calculated from (8) using this value of B; there is a scatter around the 1:1 line, as in Fig. 6 . The high density of data points located in two 'columns' is due to the low spatial resolution of the observation mast data. Assuming that (8) holds true, we are still not able to determine C with sufficient accuracy. The same is true for γ , which is responsible for about as much of the scatter in Fig. 7 as C. The agreement in Fig. 7 lends support to the theory expressed in (8), but also calls for further investigation. The value of B found here should also be considered a first estimate, considering that the standard deviation is of the same order of magnitude as the constant itself. 
and are thus easily calculated from the Prandtl model. Figure 8 shows scatter plots of the momentum and heat fluxes based on observations and both the classic and improved versions of the Prandtl model, for all 50 soundings. Observed data are from the sonic anemometer on the wind mast. The constant K solutions have K = K max /3 (cf. GOc). Statistics for the scatter plots are given in Table 3 . Figure 8 and Table 3 show that the momentum flux modelled with the WKB solution is well oriented along the 1:1 line, while the classic Prandtl solution gives flux values which are too high. In fact, the constant K solutions are almost like noise about a more or less constant value. On the other hand, the WKB solutions, while also showing some scatter, are systematically aligned with the measurements around the 1:1 line. The momentum flux is more closely aligned with the 1:1 line than the heat flux, showing a higher correlation and a better regression slope (see Table 3 ). The scatter in the heat flux is a further indication of the previously noted problem of adequate determination of the temperature parameters (also see GOb). Although neither of the scatter plots in Fig. 8 can be said to show excellent agreement, it is apparent that the WKB Prandtl model constitutes a clear improvement over the constant K Prandtl model and provides an adequate way of calculating the surface fluxes. r is the correlation, k the slope, m the offset and p the probability that this correlation could have arisen by chance (calculated using the standard t-test). All calculations were performed with the commercial Matlab program.
DISCUSSION AND CONCLUSIONS
In this work we have compared a modified Prandtl model for katabatic flow, using variable eddy diffusivity, to observations from Breidamerkurjökull, Iceland. Using simple and conservative criteria for both mast and balloon data, we found that the katabatic flow is highly persistent. From the mast, 45% of the data agree with the katabatic criteria, whereas for the balloon data the number is 40%. The conservative nature of the criteria implies that the frequency of katabatic flow is probably higher than the numbers given here (cf. Mahrt 1982; Egger 1990).
A fair agreement was found between the improved Prandtl model solutions and observations (Fig. 6) . The strength of the jet shows a considerable scatter about the observed values and is often overestimated. However, the jet height is surprisingly well aligned with the observed values. The scatter in the strength of the jet is attributed to the difficulty in accurately determining (primarily) C but also γ .
The theoretical expression (8) for the jet height, devised by Oerlemans (1998) and GOc, is compared to observed data and a first estimate for the coefficient B = 9.7 × 10 −4 is determined. These data show a scatter around the observations that is similar to that for the strength of the katabatic jet. Since the common factor for these two parameters is a linear dependence on the temperature deficit, C, it is concluded that at least a part of the scatter is caused by uncertainties in the determination of C. Also γ was found to influence the scatter.
We conclude that the flux calculations (50 points in total) based on the theories of GOa,b are in good agreement with those observed on Breidamerkurjökull (cf. Table 3 and Fig. 8 ). This has two interesting and perhaps important consequences. First, the modified Prandtl model is an almost analytical way of calculating the surface fluxes in a katabatic VSBL. Second, the agreement with the observed data means that we can support the classic model by Prandtl regarding the fundamental physics, thus strengthening our understanding of the VSBL.
One may ask why there is a good agreement between the observations and a local flow theory such as the Prandtl model. Breidamerkurjökull has a long fetch zone, and this may be sufficient for the flow to be steady, the first strong assumption made in this study. More difficult to explain, however, is the importance of advection. In addition to providing steady flow, one would expect a long fetch to cause substantial advective effects on the flow. We can only conclude that our results suggest that the advective effects are weak, a feature also supported by Mahrt (1982) .
Vatnajökull (and thus Breidamerkurjökull) is located in the middle of the North Atlantic storm tracks and is permanently subject to the influence of synoptic storms. Despite this, the katabatic flow remains fairly undisturbed by the larger-scale phenomena. Previous studies have shown a similar robustness of the katabatic flow to environmental disturbances (e.g. Grisogono et al. 1998) . The Scorer parameter is a non-local tool used in linear wave theory to determine the ability of buoyancy waves to propagate in the vertical (e.g. Holton 1992; Nappo 2002) . Figure 9 shows the Scorer parameter for sounding no. 1 in Table 1 . If the horizontal wave number is smaller than the Scorer parameter,
the buoyancy waves can propagate vertically. If the wave number is larger than Sc 2 , the waves decay exponentially with height. Figure 9 (a) shows that Sc 2 turns negative just above the katabatic jet, thereby preventing wave transport of momentum between the katabatic layer and the atmosphere above. This effectively means that the katabatic layer is decoupled from the flow above. Figures 9(b) and (c) display the profiles of the two terms in (14), showing that the first term (buoyancy) is strictly positive and decreases from a large value in the strong surface inversion to a small constant value. The second term (wind curvature) is larger than the first and even changes sign. This term, responsible for the negative value of Sc 2 , consists solely of the second derivative of the wind speed with height above the surface. Thus, it is inherent for the jet to decouple from the flow above. Similar results for Sc 2 have been implied by Grisogono et al. (1998) , for example, and reported by Burk et al. (1999) in numerical studies of coastal and drainage flows. Figure 9 . The Scorer parameter, Sc 2 , from (14) for sounding 1 in Table 1 : (a) measured (solid), constant K (dash-dotted) and WKB (dashed) solutions. The first (solid) and second (dashed) terms on the right-hand side of (14) are shown from (b) measurements and (c) the WKB solution. In the lowermost region, roughly below 5 m, the balloon observations are unreliable.
Finally, this study shows that the WKB-Prandtl model exhibits substantial improvements over the classic model, while retaining most of the latter's simplicity. There are improvements to the vertical placing and strength of the katabatic jet and also, more importantly, to the surface fluxes.
